We analyze the financial crash in 2008 for different financial markets from the point of view of log-periodic function model. In particular, we consider Dow Jones index, DAX index and Hang Seng index. We shortly discuss the possible relation of the theory of critical phenomena in physics to financial markets.
of their nearest neighbors or take decisions independently. In the former case, if the tendency for traders to imitate their neighbors increases up to a certain critical point, many traders may place the same order -sell at the same time thus causing a crash. In the latter the buyers and sellers disagree with each other and roughly balance out. These ideas can be formulated analytically providing quantitative relationships between some relevant parameters like critical exponents and log-periodic frequencies (see Sec. 2).
The resulting model has been applied to many financial crashes (including real-estate [6] , oil [7] bubbles as well as some Chinese stock market bubbles [8] )and still invokes controversies [9] , [10] . The main one concerns, of course, the possibility of prediction when the crash will actually occur. According to the model the crash time is the accumulation point of geometric series of local minima. However, the very recognition of proper minima to be taken into account is not always easy. Even if we find it possible the result may appear unsatisfactory. As an example consider the time series of Hang Seng index in period [2003] [2004] [2005] [2006] [2007] [2008] . It has four minima at the distances: t 2 − t 1 = 512, t 3 − t 2 = 191, t 4 − t 3 = 102. The value of scaling factor λ, as defined by eq. (10) below, reads λ = 2.68 or λ = 1.87, depending on the points selected.
It is, therefore, an open question whether the analogy between the critical phenomena in physics and the behaviour of stock market is deep or rather superficial.
We remain slightly sceptical. However, we believe that further analysis is necessary.
In the present paper the analysis of financial crash in 2008 for different markets is presented. 
The JLS model
The following theoretical model has been introduced by Johansen et al. [2] ÷ [5] .
One considers the hazard rate which is the probability per unit time that the crash will happen in the next instant if it has not happened yet. Therefore, the hazard rate is defined as:
where q (t) is the probability density function of the time of the crash, Q (t) -the cumulative distribution function. The dynamics of the asset price is given by:
The authors assume that, in the case of a crash, the price drops by a fixed percentage κ ∈ (0, 1); j denote a jump process whose value is zero before the crash and one afterwards; µ (t) is chosen so that the price process satisfies the condition:
This condition yields
Inserting eq.(4) into eq. (2), we have
before the crash. In order to be able to use eq. (5) the information concerning the behaviour of hazard rate h (t) is needed. Johansen et al. [4] proposed the form of h (t) based on the above -mentioned analogy with statistical physics. Namely, they assumed that any agent i can be only in one of two possible states s i ∈ {−1, +1}
(buy/sell). The state of i -th agent is determined by:
where the sign (·) function is equal to +1 (−1) for positive (negative) numbers. 
where the critical time t c is defined as the first time such that
Putting eq. (7) into eq. (5), one arrives at the following formula for the evolution of the price before the crash
where φ is another phase constant.
Empirical Results

Fitting the log-periodic function to empirical date
The empirical search for log-periodic function describing the finacial market was carried out in many papers [11] - [16] . In order to find seven parameters of logperiodic function we must minimize the following expression:
where y t is the logarithm of real index price,ŷ t is the date point as predicted by the model, and t n < t c . However, the minimalisation is not an easy task. The noisy data and a fitting function with large number of degrees of freedom cause many local minima of eq. (9) to exist where the minimalisation algorithm can get trapped. In some papers [4] , [16] the parameters A, B, C are reduced by requiring first that eq. (9) has at the minimum the vanishing derivatives with respect to A, B, C. In this way one gets 3 linear equation for the latter. Solving them allows to express A, B and C as functions of remaining parameters. However, the form of these functions is very complicated and, moreover, one has still quite a lot of parameters controlling the fit.
For this reason we look for the best fit in the following way. The log-periodic corrections to scaling imply the existence of hierarchy of characteristic scales in space or time. The linear scale is determined by three consecutive minima or maxima of log-periodic oscillations [12] , [17] 
In eq. (8) the linear scale is contained in parameter ω = 2π/ ln λ. The authors of papers [11] - [13] postulated that λ is the universal parameter approximately equal 2. However, eq. (10) shows that the λ parameter may in principle depend on the specific geometry and structure of the system.
Assuming that the spacing beetwen successive values of t n approaches zero as n becomes large and t n converges to t c (more precisely, assuming eq. (10) to hold with λ > 1), we can show that:
Thus we determine λ and t c from three successive observed values of t n . There remain five parameters which are then determined with the help of nonlinear regression (NonlinearRegression packet of Mathematica). This preliminary fit allows us to put some constrains on parameters we are looking for. Using these constraints we minimize the right hand side of eq. (9) with respect to all seven parameters; due to the constraints obtained in the first step it is now unlikely to get false minima. (which corresponds to the point 672). We looked for the parameters of the best fit of the log-periodic function:
Dow Jones Industrial Average Index
to real data. The values of these parameters are presented in Table 1 . The value of estimated variance, defined as MSE = tn t=t 1
here df = 402 is the number of degrees of freedom.
The parameters estimated from nonlinear regression do not allow to determine very restrictive constraints for all parametrs of eq. (8). We assume that 15 < ω < 20, B < 0, 0 < φ < 2π, 0. The determination coefficient equals 93% and is a slightly greater than for the case when λ and t c were calculated from eq. (10) and (11) . It is very interesting that the estimated date of crash is the same as the one which has been calulated from eq. (11) . Figure 3 shows that the estimated log-periodic function describes very well the price dynamics in the whole period under consideration, despite of the fact that it was found by considering a short period (Figure 2 ). versus its corresponding log-periodic representation. versus its corresponding log-periodic representation. 
Hang Seng Index
The Hang Seng Index is used to record and monitor daily changes of the largest companies of the Hong Kong stock market and is the main indicator of the overall market performance in Hong Kong.
In this case we decided to check whether it is possible to get a reasonable description by taking into account the data from a longer period, not from the one directly preceding the crash. In statistical physics the universal behaviour is expected in the neighbourhood of critical point while far from it the properties of the system may be very specific and depend on particular dynamics. However, it appears here (see below) that the fit with the help of log-periodic function is still satisfactory.
We take four successive minima from which, from eq. (10) and (11), we get the average value of parameter λ ≈ 2.3 and t c = 1087 → 18.02.2008. Using them, we put the constraints: 990 < t c < 1200, 7 < ω < 11, 0 < φ < 2π, B < 0, 0.1 < α < 1.
The parameters minimalizing eq. (9) versus its corresponding log-periodic representation.
The next terms of log-periodic function
So far we were considering the log-periodic function only keeping the first term of Fourier expansion in eq. (8) . Now, we analyze the price dynamics of Dow Jones index taking into account both the first and second term of Fourier expansion.
We choose the same time period as subsection 3.2. The log-periodic function is described by:
With the use of the same constraints on parameters as in subsection 3.2, we have: (Figure 7 ). We could expect that the next terms of Fourier expansion of log-periodic function will increase the determination coefficient but not significantly. trend of price dynamics changes its direction [13] . In other cases it was rather the moment when the index price drops sharply in short period. This finding supports the scepticism concerning the possibility of exact prediction of crash date on the basis of log-periodic function approach expressed already in Refs. [9] , [10] , [18] .
The same financial crashes were discussed in the papers [10] and [13] . Their authors obtained λ = 2 and λ = 3, respectively. The differences seem to result from the way the minima of time series were selected. Therefore, we think that the predictive power of the approach based on log-periodic functions is doubtful.
However, the aposteriori description of the price history is quite satisfactory as it is seen from the large value of determination coefficient.
It is very tempting to compare the dynamics of market indices with the critical phenomena in condensed matter physics. The latter offer the well understood example of the situation when local interactions lead to large-scale cooperative behaviour; the main idea is the emergence of scaling invariance, the main toolthe renormalization group transformations which provide a natural framework for studying the universality phenomena. However, it is rather unlikely that the explanation offered by the theory of critical phenomena is sufficiently general to cover all cases of emergence of cooperative behaviour in complex dynamical systems.
The analogy with statistical mechanics can be also questioned due to the fact that, contrary to the case of condensed matter systems, the description based of scaling seems to work reasonably also quite far from critical points. As it had been shown above, in the case of Hang Seng index the determination coefficient was equal 96%. Guided by this value we have verified also the quality of approximation for the data from longer period 2003-2008 for remaining indices. The relevant coefficients for Dow Jones and DAX were equal 97.47% and 97%, respectively. Therefore, the distance from the criticality region does not seem to be a really relevant parameter, contrary to what is expected in physics.
